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a b s t r a c t
A Steiner system S(t, k, v) is a pair (X,B), where X is a v-element set and B is a set of k-
subsets of X , called blocks, with the property that every t-element subset of X is contained
in a unique block. The sub-design S(2, 4, v) in a Steiner quadruple system S(3, 4, v) is said
to be a spanning block design. The order v of a Steiner quadruple system with a spanning
block design should satisfy the necessary condition v ≡ 4 (mod 12). It is proved that the
above necessary condition is also sufficient. As a consequence, it is also proved that a 3-BD
S(3, {4, 5}, v) exists for any v ≡ 5 (mod 12).
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
A t-wise balanced design (t-BD) is a pair (X,B), where X is a finite set of points andB is a set of subsets of X , called blocks,
with the property that every t-element subset of X is contained in a unique block. If |X | = v and block sizes ofB are all from
K , we denote the t-BD by S(t, K , v). A 2-BD is usually called a pairwise balanced design (PBD). The blocks of a 1-BD form a
partition of its point set (we will shorten 1-wise balanced design to 1-design in the sequel). The type of a 1-design (X,G) is
defined to be the multiset {|G| : G ∈ G}. We sometimes use an exponential notation to denote types: a type ga11 ga22 · · · garr
denotes ai occurrences of gi, 1 ≤ i ≤ r . When K = {k}, we simply write k for K .
An S(t, k, v) is called a Steiner system. An S(3, 4, v) is called a Steiner quadruple system of order v, briefly SQS(v). It is
well known (see [3]) that an SQS(v) exists if and only if v ≡ 2 or 4 (mod 6).
An s-fan design (as in [6]) is an (s+ 3)-tuple (X,G,B1,B2, . . . ,Bs, T ), where X is a finite set of points, G,Bi(1 ≤ i ≤ s)
and T are all sets of subsets of X with the property that (X,G) is a 1-design, each (X,G ∪ Bi) is a PBD, for 1 ≤ i ≤ s and
(X,G∪(∪si=1 Bi)∪T ) is a 3-BD. Themembers ofG are called groups. Let the type of (X,G) be ga11 ga22 · · · garr . If block sizes ofBi
andT are fromKi (1 ≤ i ≤ s) andKT respectively, then the s-fan design is denoted by s-FG(3, (K1, K2, . . . , Ks, KT ),∑ri=1 aigi)
of type ga11 g
a2
2 · · · garr . Note that an s-FG(3, (K1, K2, . . . , Ks, KT ), v) of type 1v is an S(3, (
s
i=1 Ki)∪KT , v) having s sub-designs
S(2, Ki, v), 1 ≤ i ≤ s. In the sequel, we usually write it as s-fan S(3, (K1, K2, . . . , Ks, KT ), v). An s-fan S(3, (k, k, . . . , k), v)
is shortly denoted by s-fan S(3, k, v).
An s-fan S(3, 4, v) is shortly denoted by s-FSQS(v). In a 1-FSQS(v), the sub-design S(2, 4, v) is also called (as in [2]) a
spanning block design. It is clear that the necessary condition for the existence of such a design is v ≡ 4 (mod 12).
The existence problem for 1-FSQS(v)s has received some attention. Hartman and Phelps provided an open problem in [7],
where they showed that there exists an SQS(v) with a spanning block design for all v ≡ 4 (mod 12). It is also conjectured
by Lindner (see [2]) that the answer to this open problem is yes.
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The best known result is the existence of an infinite class of 1-FSQS(v)s for v = 4n (see [2, Theorem 2.3]). For such
orders there are even v−22 -FSQS(v)s (see [1]). A result on
v−2
2 -FSQS(v)s for other orders was obtained by Teirlinck in [11].
For convenience we state their results in one theorem.
Theorem 1.1 ([1,11]). There is a v−22 -FSQS(v) when v = 4n, or v = 2(qn + 1) for all n ≥ 1 and q ∈ {7, 31}.
The Lindner’s conjecture on the existence of Steiner quadruple systems with a spanning block design is now far from
settled. Fu [2] provided a quadrupling construction that if there exists a 1-FSQS(v), then there exists a 1-FSQS(4v). Hartman
and Phelps [7] pointed out that if an S(3, 6, v) exists, then there exists a 1-FSQS(3v − 2). For small orders v ≤ 112, known
results were listed in [9].
Theorem 1.2 ([9]). There exists a 1-FSQS(v) for all v ≤ 112 and v ≡ 4 (mod 12) with the possible exception of v = 88.
In this paper, a recursive construction for 1-FSQS(v) is given in Section 2.We show in Section 3 that for any integer v ≥ 32,
there exists a 1-fan S(3, (M,N), v), whereM = {4, 5, . . . , 31}\{14, 18, 22, 23, 27} andN = {k : k is an integer and k ≥ 4}.
In Section 4, we shall prove that there is a 1-FSQS(12u+4) for any positive integer u and u ∉ {14, 15, 18, 22, 23, 26, 27, 29}.
In the last section, 1-FSQS(12u+4)s for the remaining eight values of u are constructed and the Lindner’s conjecture is proved
as follows.
Theorem 1.3. For any positive integer v ≡ 4 (mod 12), there exists a 1-FSQS(v).
As a consequence, it is shown that an S(3, {4, 5}, v) exists for any positive integer v ≡ 5 (mod 12).
2. A recursive construction for 1-FSQS
In this section, we shall use CQS∗(ga11 g
a2
2 · · · garr : 4) to give a recursive construction for 1-FSQS in Theorem 2.2. We also
give a recursive construction for CQS ∗(ga11 g
a2
2 · · · garr : 4) in Theorem 2.5.
A candelabra quadruple system (as in [7]) of order vwith a candelabra of type (ga11 g
a2
2 · · · garr : s), denoted by CQS(ga11 ga22 · · ·
garr : s), is a quadruple (X, S,G,B), where X is a set of cardinality v = s +
∑r
i=1 aigi, S is a subset of X of cardinality s, and
G = {G1,G2, . . .} is a partition of X \ S of type ga11 ga22 · · · garr . The setB contains 4-subsets of X , called blocks, such that each
3-subset T ⊂ X with |T ∩ (S ∪ Gi)| < 3 for all i, is contained in a unique block and no 3-subset of S ∪ Gi is contained in any
block. The members of G are called branches, and S is called the stem of the candelabra.
Let v be a non-negative integer, let t be a positive integer and K be a set of positive integers. A group divisible t-design (or
t-GDD) of order v and block sizes from K is a triple (X,G,B) such that
(1) X is a set of cardinality v (the elements of X are called points);
(2) G = {G1,G2, . . .} is a set of non-empty subsets of X such that (X,G) is a 1-design (the elements of G are called groups);
(3) B is a family of subsets (called blocks) of X each of cardinality from K such that each block intersects any given group in
at most one point;
(4) each t-set of points from t distinct groups is contained in exactly one block.
Such a design is denoted by GDD(t, K , v). The type of t-GDD is defined as the type of (X,G).
A CQS(ga11 g
a2
2 · · · garr : s)(X, S,G,B) is called 1-fan if there isA ⊂ B such that (X \ S,G,A) is a GDD(2, 4,
∑r
i=1 aigi) of
type ga11 g
a2
2 · · · garr . It is denoted by CQS∗(ga11 ga22 · · · garr : s).
We state a relation between a CQS∗ and an s-FG as follows.
Lemma 2.1. A CQS∗(ga11 g
a2
2 · · · garr : s) is equivalent to an (s+ 1)-FG(3, (3, 3, . . . , 3, 4, 4),
∑r
i aigi) of type g
a1
1 g
a2
2 · · · garr .
Proof. From a given CQS∗(ga11 g
a2
2 · · · garr : s), an (s + 1)-FG(3, (3, 3, . . . , 3, 4, 4),
∑r
i=1 aigi) of type g
a1
1 g
a2
2 · · · garr can be
obtained by deleting the stem of the CQS∗, where for each point x ∈ S, all blocks containing xwith x deleted form the block
set of a sub-design GDD(2, 3,
∑r
i=1 aigi) in the (s+ 1)-FG.
Conversely, for each sub-design GDD(2, 3,
∑r
i=1 aigi) of the given (s + 1)-FG, by adding a new point to all blocks of the
sub-design, we obtain a CQS∗(ga11 g
a2
2 · · · garr : s), where the s new points form the stem. 
We use CQS∗(ga11 g
a2
2 · · · garr : 4) to give the recursive construction for 1-FSQS as follows.
Theorem 2.2. Suppose that there exists a CQS∗(ga11 g
a2
2 · · · garr : 4). If there exists a 1-FSQS (gi+ 4) for any 1 ≤ i ≤ r, then there
also exists a 1-FSQS (
∑r
i=1 aigi + 4).
Proof. Let (X, S,G,A ∪ T ) be a CQS∗(ga11 ga22 · · · garr : 4), where (X \ S,G,A) is its sub-design GDD(2, 4,
∑r
i=1 aigi).
For each G ∈ G, construct a 1-FSQS (|G| + 4) on G∪ S having S as a block in the sub-design S(2, 4, |G| + 4). Such a design
exists by assumption. Denote the block set of the sub-design S(2, 4, |G| + 4) by FG and the set of the other blocks by F ′G .
Let F = (G∈G(FG \ {S})) ∪ {S} and F ′ = G∈G F ′G . Then (X,A ∪ F , T ∪ F ′) is the desired 1-FSQS(∑ri=1 aigi + 4),
where (X,A ∪ F ) is a sub-design S(2, 4,∑ri=1 aigi + 4). 
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CQS∗(ga11 g
a2
2 · · · garr : 4)s are important in the construction of 1-FSQSs. We shall focus on the construction of CQS ∗s.
Before we give the recursive construction for CQS∗s, we state a fundamental construction for s-fan design which is a special
case of fundamental construction of Hartman [6].
Theorem 2.3. Suppose that there exists a1-FG(3, (K1, K2), v) of type g
a1
1 g
a2
2 · · · garr . If there exists an s-FG(3, (L1, L2, . . . , Ls, LT ),
bk1) of type bk1 for any k1 ∈ K1, and a GDD(3, LT , bk2) of type bk2 for any k2 ∈ K2, then there exists an s-FG(3, (L1, L2, . . . ,
Ls, LT ), vb) of type (bg1)a1(bg2)a2 · · · (bgr)ar .
A GDD(3, 4, v) of type rm is called an H design (as in [10]) and denoted by H(m, r, 4, 3).
Theorem 2.4 ([8,10]). For m > 3 and m ≠ 5, an H(m, r, 4, 3) exists if and only if rm is even and r(m− 1)(m− 2) is divisible
by 3. For m = 5, an H(5, r, 4, 3) exists if r is even, r ≠ 2 and r ≢ 10, 26 (mod 48).
Now, we state the recursive construction for CQS∗s.
Theorem 2.5. Suppose that there exists a 1-FG(3, (K1, K2), v) of type g
a1
1 g
a2
2 · · · garr with K2 containing all integers k2 ≥ 4. If
there exists a CQS∗(12k1 : 4) for any k1 ∈ K1, then a CQS∗((12g1)a1(12g2)a2 · · · (12gr)ar : 4) exists.
Proof. Let (X,G,B, T ) be the given 1-FG(3, (K1, K2), v). Let Y = X × I12 and G′ = {G × I12 : G ∈ G}, where I12 =
{1, 2, . . . , 12}.
For each block B ∈ T , since |B| ∈ K2 and |B| ≥ 4, by Theorem 2.4 we may construct an H(|B|, 12, 4, 3) on B× I12 having
groups {x} × I12, x ∈ B. Denote its block set by CB. For each block B ∈ B, construct a 5-FG(3, (3, 3, 3, 3, 4, 4), 12|B|) on
B× I12 having groups {x} × I12, x ∈ B. By Lemma 2.1 such a design can be obtained from a CQS∗(12|B| : 4), which exists by
assumption. Denote its block sets of sub-designs GDD(2, 3, 12|B|) byAiB (1 ≤ i ≤ 4) and the block set of GDD(2, 4, 12|B|)
byA5B. Denote the set of the other blocks by TB.
For 1 ≤ i ≤ 5, let Di = B∈B AiB. Let D ′ = (B∈B TB) ∪ (B∈T CB). It follows from Theorem 2.3 that (Y ,G′,
D1,D2,D3,D4,D5,D
′) is a 5-FG(3, (3, 3, 3, 3, 4, 4), 12v) of type (12g1)a1(12g2)a2 · · · (12gr)ar . Then, by Lemma 2.1 a
CQS∗((12g1)a1(12g2)a2 · · · (12gr)ar : 4) exists. This completes the proof. 
When the given 1-FG(3, (K1, K2), v) is of type 1v , we have the following.
Corollary 2.6. Suppose that there exists a 1-fan S(3, (K1, K2), v) with K2 containing all integers k2 ≥ 4. If there exists a
CQS∗(12k1 : 4) for any k1 ∈ K1, then a CQS∗(12v : 4) exists.
Proof. In Theorem 2.5, let g1 = g2 = · · · = gr = 1. Then we obtain a CQS∗(12v : 4). 
The 1-fan design and CQS∗(12k : 4) are important for the construction of 1-FSQSs. They will be discussed in Sections 3
and 4, respectively.
3. 1-fan S(3, (M,N), v)
Let M = {4, 5, . . . , 31} \ {14, 15, 18, 22, 23, 26, 27, 29},N = {k : k is an integer and k ≥ 4} and W = {v : a 1-fan
S(3, (M,N), v) exists}. In this section, we shall prove thatW contains all integers v ≥ 32.
First, we have the following two constructions for 1-fan S(3, (M,N), v).
Lemma 3.1. Suppose that there exists a 1-fan S(3, (K1,N), v). If k belongs to W for any k ∈ K1, then v also belongs to W.
Proof. Apply Theorem 2.3 with K2 = N, g1 = g2 = · · · = gr = 1 and r = v. Let s = 1, L1 = M, LT = N and b = 1. Since
k belongs to W for any k ∈ K1, i.e., there exists a 1-fan S(3, (M,N), k) for any k ∈ K1. By Theorem 2.3, there exists a 1-fan
S(3, (M,N), v). So, v also belongs toW . 
Lemma 3.2. Suppose that there exists a 1-FG(3, (K1, K2), uh) of type uh. Let m2 = min{k2 : k2 ∈ K2}. Let r, s be positive
integers with r + s = h and a1, a2, . . . , as be integers such that 0 ≤ ai ≤ u, i = 1, 2, . . . , s. If m2 − 2s ≥ 4 and
{u, a1, a2, . . . , as} ∪ (si=0(K1 − i)) ⊂ W, then ru+∑si=1 ai is also contained in W, where K1 − i = {k− i : k ∈ K1}.
Proof. Let (X,G,B, T ) be the given 1-FG(3, (K1, K2), uh), where G = {G1,G2, . . . ,Gh}. Delete all but ai points from the
group Gr+i, i = 1, 2, . . . , s. For any G ∈ G, we have that |G∩ B| ≤ 1 for any B ∈ B and |G∩ T | ≤ 2 for any T ∈ T . It follows
that the obtained design is a 1-FG(3, (
s
i=0(K1 − i),
2s
i=0(K2 − i)), ru+
∑s
i=1 ai) of type a1a2 · · · asur , where the blocks in
B with those points deleted form the block set of the sub-design GDD(2,
s
i=0(K1 − i), ru +
∑s
i=1 ai). Since m2 − 2s ≥ 4,
the set
2s
i=0(K2 − i) is contained in N . By assumption, the set {u, a1, a2, . . . , as} ∪ (
s
i=0(K1 − i)) is contained inW . Then
by Lemma 3.1 a 1-fan S(3, (M,N), ru+∑si=1 ai) exists. Therefore, ru+∑si=1 ai is contained inW . 
The next lemma is the well-known result on S(3, k, v)s and 1-FGs.
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Table 1
1-fan S(3, (M,N), v) for v ∈ [35, 245] \ {38, 51}.
v q r s
[35, 49] \ {38} 7 5 2
[48, 64] \ {51} 8 6 2
[54, 81] 9 6 3
[77, 121] 11 7 4
[104, 169] 13 8 5
[170, 221] 17 10 3
[213, 245] 19 11 2
Lemma 3.3 ([5, Theorem 5.1]). Let q be a prime-power. Then there exists an S(3, q+ 1, q2 + 1) and a 1-FG(3, (q, q+ 1), q2) of
type qq.
When the given 1-FG in Lemma 3.2 is a 1-FG(3, (q, q+ 1), q2) of type qq from Lemma 3.3, we further have the following.
Lemma 3.4. Let q be a prime-power and let r, s be positive integers with r + s ≤ q. Let a1, a2, . . . , as be integers such that
0 ≤ ai ≤ q, i = 1, 2, . . . , s. If r ≥ ⌈ q+32 ⌉ and r, r + 1, . . . , r + s, q, ai (1 ≤ i ≤ s) all belong to W, then qr +
∑s
i=1 ai also
belongs to W.
Proof. Let (X,G,B, T ) be a 1-FG(3, (q, q + 1), q2) of type qq from Lemma 3.3, where G = {G1,G2, . . . ,Gq}. Delete all
points from Gr+s+i, 1 ≤ i ≤ q − r − s. Since for each G ∈ G, we have that |G ∩ B| = 1 for any B ∈ B and |G ∩ T | ≤ 2 for
any T ∈ T , the obtained design is a 1-FG(3, (r + s, {2r + 2s+ 1− q, . . . , q+ 1}), q(r + s)) of type qr+s. In Lemma 3.2, let
u = q, h = r+s,m2 = 2r+2s+1−q andK1 = {r+s}. Since r ≥ ⌈ q+32 ⌉ by assumption,wehave thatm2−2s = 2r+1−q ≥ 4.
By assumption, {q, a1, a2, . . . , as, r, r + 1, . . . , r + s} ⊂ W . The conclusion then follows from Lemma 3.2. 
When q is a prime-power and 7 ≤ q ≤ 19, by Lemma 3.4, we have the following, where [c, d] denotes the set
{k : k is an integer and c ≤ k ≤ d}.
Lemma 3.5. Let v ∈ [34, 245]. Then v belongs to W.
Proof. For any v ∈ [34, 245] \ {34, 38, 51}, we can obtain a 1-fan S(3, (M,N), v) by applying Lemma 3.4 with appropriate
q, r, s and ai (1 ≤ i ≤ s) such that v = qr +∑si=1 ai and r, r + 1, . . . , r + s, q, ai all belong to W . We only list the v, q, r
and s in the following Table 1.
For v = 38, fix a block A in an S(3, 8, 50). We shall show that there exists a block B disjoint from A. For any given two
points y and z, there are 7 blocks intersecting A in exactly y and z. Thus, there are 7

8
2

blocks intersecting A in exactly two
points. For each point y of A, there are α =

49
2

/

7
2

blocks containing y. So, there are α−1−7

7
1

blocks intersecting A
in exactly y. There are 8(α− 1− 7

7
1

) blocks intersecting A in exactly one point. Then the number of blocks disjoint from
A is
β =

50
3

8
3

− 1− 7

8
2

− 8

α − 1− 7

7
1

.
Since β > 0, there exists a block B disjoint from A. Take a point x from A. Delete all points of B and four points of A including
x. Thus, we obtain an S(3, {4, 5, 6, 7, 8}, 38). Consider all blocks in the S(3, 8, 50) which contain x. After deleting the 12
points, they form the block set of an S(2, {4, 5, 6, 7}, 38), a sub-design of the S(3, {4, 5, 6, 7, 8}, 38). It is indeed a 1-fan
S(3, ({4, 5, 6, 7}, {4, 5, 6, 7, 8}), 38) and thus 38 ∈ W .
For v = 34, take two disjoint blocks A, B from the S(3, 8, 50) and a point x from A. By deleting all points of A and B,
we obtain a 1-fan S(3, ({4, 5, 6, 7}, {4, 5, 6, 7, 8}), 34), where all blocks containing x with those points deleted form the
sub-design S(3, {4, 5, 6, 7}, 34). Therefore, 34 ∈ W .
For v = 51, we take two disjoint blocks A and B in an S(3, 9, 65) similarly as above and take a point x from A. By deleting
all points of B and five points of A including x, we obtain a 1-fan S(3, ({4, 5, 6, 7, 8}, {4, 5, 6, 7, 8, 9}), 51), where all blocks
containing x with those points deleted form the sub-design S(3, {4, 5, 6, 7, 8}, 51). Therefore 51 ∈ W . This completes the
proof. 
A group divisible t-design with block size k and typemk is called a transversal design and denoted by TD(t, k,m).
The following well-known results are stated in [5] which are originally due to Brouwer.
Lemma 3.6 ([5]). If q is a prime-power and t ≤ q, then a TD(t, q + 1, q) exists. Moreover, if q ≥ 4 is a power of 2, then a
TD(3, q+ 2, q) exists.
Lemma 3.7 ([5]). If r =∏ qj where qj are powers of distinct primes, then there is a TD(t, s, r)where s = 1+max(t,min qj).
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Table 2
1-fan S(3, (M,N), v) for v ∈ [245, 2197] \ {248, 358, 365}.
v 1-FG Type r s
[245, 343] \ {248} 1-FG(3, (7, 8), 343) 497 5 2
[340, 392] \ {350, 351, 354, 358, 359, 362, 363, 365} 1-FG(3, (7, {7, 8, 9}), 392) 567 6 1
[347, 392] \ {357, 358, 361, 365, 366, 369, 370, 372} 1-FG(3, ({7, 8}, {7, 8, 9}), 392) 498 7 1
[388, 512] 1-FG(3, (8, 9), 512) 648 6 2
[486, 729] 1-FG(3, (9, 10), 729) 819 6 3
[697, 891] 1-FG(3, (9, {8, 9, 10, 11, 12}), 891) 999 7 2
[847, 1331] 1-FG(3, (11, 12), 1331) 12111 7 4
[1144, 1573] 1-FG(3, (11, {10, 11, 12, 13, 14}), 1573) 14311 8 3
[1352, 2197] 1-FG(3, (13, 14), 2197) 16913 8 5
A GDD(3, K , v) of type ga11 g
a2
2 · · · garr is called s-fan if its block setB can be partitioned into disjoint subsetsB1, . . . ,Bs
and T such that for each i, 1 ≤ i ≤ s,Bi is the block set of a GDD(2, Ki, v) of the same type. If the block sizes of T are all
from KT , then it is denoted by s-fan GDD(3, (K1, K2, . . . , Ks, KT ), v). When the s-fan GDD has uniform type gn and g is even,
we can modify it to obtain an s-FG of the same type.
Lemma 3.8. Suppose there is an s-fan GDD(3, (K1, K2, . . . , Ks, KT ), v) of type gn. If g is even, then there exists an
s-FG(3, (K1, K2, . . . , Ks, {4} ∪ KT ), v) of type gn.
Proof. Let (X,G,B1,B2, . . . ,Bs, T ) be the given s-fan GDD(3, (K1, K2, . . . , Ks, KT ), v) of type gn. For each group Gr ∈
G, 1 ≤ r ≤ n, let F r = {F rj : 1 ≤ j ≤ g − 1} be a one-factorization of the complete graph Kg on group Gr . For integers
m, r, 1 ≤ m < r ≤ n, letA(m,r) = {{a, b, c, d} : {a, b} ∈ Fmj , {c, d} ∈ F rj and 1 ≤ j ≤ g − 1}. DenoteA =

1≤m<r≤nA(m,r)
andD = T ∪A. Then (X,G,B1,B2, . . . ,Bs,D) is the desired design. 
Lemma 3.9. {32, 33} is contained in W.
Proof. For v = 32, we consider a TD(3, 5, 8)which exists by Lemma 3.6. For a fixed point x in the TD, all blocks containing
x with x deleted form the block set of a TD(2, 4, 8). By deleting all points of a group in the TD(3, 5, 8) we obtain a 2-fan
GDD(3, (4, 4, 4), 32) of type 84. By Lemma 3.8, we obtain a 2-FG(3, (4, 4, 4), 32) of type 84. Therefore 32 ∈ W .
For v = 33, take a sub-design of the 2-FG(3, (4, 4, 4), 32) of type 84. By adjoining a new point to each group and
each block of the given sub-design, we get an S(3, {4, 5, 9}, 33). The groups adjoined with the new point and the blocks
of the other sub-design form the block set of an S(2, {4, 9}, 33), a sub-design of the S(3, {4, 5, 9}, 33). It is indeed a 1-fan
S(3, ({4, 9}, {4, 5}), 33) and thus 33 ∈ W . 
Lemma 3.10. Let v ∈ [245, 2197]. Then v belongs to W.
Proof. For a prime-power m, by Lemma 3.3 there exists a 1-FG(3, (m,m + 1),m2) of type mm. By deleting all points from
m − n groups of the 1-FG we can obtain a 1-FG(3, (n, KT ),mn) of type mn, where (n,m) ∈ {(7, 7), (7, 8), (8, 8), (9, 9),
(9, 11), (11, 11)(11, 13)} and KT = {2n+ 1−m, 2n+ 2−m, . . . ,m+ 1}. Such 1-FGs will be used as input designs in the
following recursive constructions.
Since n is also a prime-power, there is a 1-FG(3, (n, n + 1), n2) of type nn. Apply Theorem 2.3 with v = n2 and b = m.
Using a TD(3, n + 1,m) from Lemma 3.6 and the above 1-FG(3, (n, KT ),mn) of type mn as input designs, we obtain a
1-FG(3, (n, KT ),mn2) of type (mn)n. By Lemma 3.2, we delete appropriate points from the 1-FG(3, (n, KT ),mn2) of type
(mn)n to obtain the desired 1-fan S(3, (M,N), v). We only list v, the 1-FG and the corresponding r, s in Lemma 3.2 in Table 2.
Here, a 1-FG(3, ({7, 8}, {7, 8, 9}), 392) of type 498 cannot be obtained from the above 1-FGs. It can be constructed below.
Froma 1-FG(3, (8, 9), 64) of type 88, we can obtain a 1-FG(3, ({7, 8}, {7, 8, 9}), 56) of type 78 by deleting all points of a block
of size 8. Apply Theorem2.3with the known input designs 1-FG(3, (7, 8), 49) of type 77, 1-FG(3, {7, 8}, {7, 8, 9}, 56) of type
78, TD(3, k, 7) for k = 7, 8 and GDD(3, {7, 8, 9}, 63) of type 79. The last one can be obtained by deleting all points of a block
from a TD(3, 9, 8). We then get a 1-FG(3, ({7, 8}, {7, 8, 9}), 392) of type 498.
For v = 248, there is a 1-fan H(4, 62, 4, 3) by Lemma 2.2 in [9]. So, applying Lemma 3.8 gives a 1-fan
S(3, ({4, 62}, 4), 248). If follows from Lemma 3.1 with {4, 62} ⊂ W that 248 ∈ W .
For v = 358, by Lemma 3.7, there is a TD(3, 5, 8 · 11). Deleting a group yields a 7-fan GDD(3, (4, 4, . . . , 4), 352) of type
884. Applying Lemma 3.8 gives a 7-FG(3, (4, 4, . . . , 4), 352) of type 884. For each of the first six sub-designs GDD(2, 4, 352)
of type 884, adjoin a new point to each block. Denote the set of these six new points by S. For the union of each group and
S, construct a 1-fan S(3, ([6, 11], [6, 12]), 94) such that S is a block. Such a 1-fan design can be obtained by deleting two
groups and five points from another group of a 1-FG(3, (11, 12), 121) of type 1111. Taking S only once, the resulting is a
1-fan S(3, ([4, 11], [6, 12]), 358) where the seventh GDD(2, 4, 352) of type 884, together with four S(2, [6, 11], 94), form
a sub-design S(2, [4, 11], 358).
For v = 365, by Lemma 3.7, there is a TD(3, 6, 8 · 9). Deleting a group yields a 6-fan GDD(3, (5, . . . , 5), 360) of type 725.
Applying Lemma 3.8 gives a 6-FG(3, (5, . . . , 5, [4, 5]), 360) of type 725. For each of the first five sub-designs GDD(2, 5, 360)
of type 725, adjoin a new point to each block. Denote the set of these five new points by S. For the union of each group and S,
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construct a 1-fan S(3, ({5, 8, 9}[8, 10]), 77) such that S is a block. Such a 1-fan design can be obtained by deleting all but five
points from a group of a 1-FG(3, (9, 10), 81) of type 99. Taking S only once, the resulting is a 1-fan S(3, ([4, 9], [4, 10]), 365)
where the sixth GDD(2, 5, 360) of type 725, together with five S(2, [5, 9], 77), form a sub-design S(2, [4, 9], 365). The proof
is complete. 
For any integer v ≥ 2198, we shall prove that v also belongs to W by induction. The following result on the dense of
primes is due to Sylvester and quoted by Hanani in [4].
Lemma 3.11. Let x ≥ 33. Then there exists a prime between x and 8x/7.
Theorem 3.12. Let v be an integer and v ≥ 32. Then there exists a 1-fan S(3, (M,N), v), where M = {4, 5, . . . , 31} \
{14, 15, 18, 22, 23, 26, 27, 29} and N = {k : k is an integer and k ≥ 4}.
Proof. We shall prove by induction that v ∈ W for any integer v ≥ 32. Let q be a prime and q ≥ 59. When q = 59, by
applying Lemma 3.4 with r = 32 and s = 27, we have [1888, 592] ⊂ W . By Lemmas 3.5, 3.9 and 3.10, we further have
[32, 592] ⊂ W . Thus we can make our assumption that [32, q2] ⊂ W for the induction.
By Lemma 3.11, there always exists a prime q′ such that q + 1 ≤ q′ ≤ 8(q + 1)/7. Apply Lemma 3.4 with r = ⌈ q′+32 ⌉
and s = q′ − r , where r ≥ 32 and s ≥ 29 since q′ > q ≥ 59. Also, by assumption and q′ < q2 we have [32, q′] ⊂ W . From
Lemma 3.4 we know that v ∈ W for any integer v ∈ [q′⌈ q′+32 ⌉, q′2]. Since q ≥ 59, q′ ≤ 8(q + 1)/7, then q′⌈ q
′+3
2 ⌉ < q2. It
follows that [32, q′2] ⊂ W . By induction, v ∈ W for any integer v ≥ 32. 
4. The existence of CQS∗(12k : 4)
In this section, we show that there exists a 1-FSQS(12u+ 4) for any positive integer u ∉ {14, 15, 18, 22, 23, 26, 27, 29}.
In fact, the main focus of this section is the existence of CQS∗(12k : 4) for k ∈ M .
Hanani [5] showed the following results on S(3, k, v) for k = 5 and 6.
Lemma 4.1 ([5]). (1) There exists an S(3, 5, 26). (2) There exists an S(3, 6, 22). (3) Let q be a prime-power. If there exists an
S(3, q+ 1, v + 1), then an S(3, q+ 1, qv + 1) also exists.
Lemma 4.2. Suppose there exists a 1-fan S(3, (4, K), v). If there exists an H(k, 4, 4, 3) for any k ∈ K, then there exists a
CQS∗(12
v−1
3 : 4).
Proof. Let (V ,B, T ) be the given 1-fan S(3, (4, K), v). Take a point y from V . We shall construct a CQS∗(12
v−1
3 : 4) on X =
V × Z4 having G = {(B \ {y})× Z4 : B ∈ B and y ∈ B} as the set of branches and S = {{y} × Z4} as its stem.
For each block B ∈ T , construct an H(|B|, 4, 4, 3) on B×Z4 having groups {x}×Z4, x ∈ B. It exists by assumption. Denote
the block set byAB. From Theorem 1.1 we have a 1-FSQS(16) which is indeed a CQS∗(44). For each block B ∈ B and y ∉ B,
construct a CQS∗(44) on B × Z4 having branches {x} × Z4, x ∈ B. Denote the block set of the sub-design GDD(2, 4, 16) by
CB0 and the set of the other blocks by CB1 .
Let
T ′ =

B∈T
AB

∪
 
B∈B, y∉B
CB1

and
D =
 
B∈B, y∉B
CB0

.
Then (X, S,G,D ∪ T ′) is the desired CQS∗(12 v−13 : 4), where (X \ S,G,D) is its sub-design GDD(2, 4, 4(v − 1)). This
completes the proof. 
Lemma 4.3. There exists a CQS∗(12k : 4) for k ∈ {5, 8, 9, 13, 17, 21, 25}.
Proof. For k ≠ 8, apply Lemma 4.2 with the known H(4, 4, 4, 3) from Theorem 2.4 and 1-FSQS(u) for u = 16, 28,
40, 52, 64, 76 from Theorem 1.2 to obtain a CQS∗(12k : 4). For k = 8, deleting a point from an S(3, 5, 26) gives a 1-fan
S(3, (4, 5), 25), where the S(3, 5, 26) exists from Lemma 4.1. Since an H(5, 4, 4, 3) exists by Theorem 2.4, the conclusion
holds also for k = 8 by Lemma 4.2. 
Lemma 4.4. Suppose that there exists a 1-fan S(3, (5, K), v). If there exists an H(k, 3, 4, 3) for any k ∈ K , then there exists a
CQS∗(12
v−1
4 : 4).
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Proof. Let (V ,B, T ) be the given 1-fan S(3, (5, K), v). Take a point y from V . We shall construct a CQS∗(12
v−1
4 : 4) on
X = (V × Z3) ∪ {∞} having G = {(B \ {y})× Z3 : B ∈ B and y ∈ B} as the set of branches and S = ({y} × Z3) ∪ {∞} as its
stem, where∞ ∉ V × Z3.
For each block B ∈ T , construct an H(|B|, 3, 4, 3) on B × Z3 having groups {x} × Z3, x ∈ B. Such a design exists by
assumption. Denote the block set byAB. For each block B ∈ B and y ∉ B, construct a 1-FSQS16 on (B× Z3){∞} such that
the sub-design S(2, 4, 16) has blocks ({x} × Z3)∪ {∞}, x ∈ B. Such a 1-FSQS(16) exists from Theorem 1.2. Denote the block
set of the sub-design by CB0 and the set of the other blocks by CB1 .
Let
F =

B∈T
AB

∪
 
B∈B, y∉B
CB1

and
D =

B∈B, y∉B
(CB0 \ {({x} × Z3) ∪ {∞} : x ∈ B}).
Then (X, S,G,D ∪ F ) is the desired CQS∗(12 v−14 : 4), where (X \ S,G,D) is its sub-design GDD(2, 4, 3(v − 1)). This
completes the proof. 
We shall construct a 1-fan S(3, (5, {4, 6}), v) for v = 41, 61 and 121.
In the sequel, to shorten the list of base blocks we use multipliers whenever it is possible. An elementm ∈ Zv is called a
multiplier of a design if for any block B = {x1, x2, . . . , xr},mB = {mx1,mx2, . . . ,mxr} is also a block of the design. It is clear
that the set of allmultipliers form a group, denoted byQ .Whenmultipliers are used,we list all themultipliers and those base
blocks with which all base blocks can be generated by multiplying the multipliers. In other words, all blocks of the design
can be generated from the shortened list of base blocks under the automorphism group {x → mx + b : m ∈ Q , b ∈ Zv} of
the design. In some cases, to avoid repetition we list corresponding multipliers for each base block in the shortened list.
Lemma 4.5. There exists a 1-fan S(3, (5, 4), 41).
Proof. We construct a 1-fan S(3, (5, 4), 41) on Z41 with multiplier group Q = {1, 10, 18, 16, 37}. The shortened list of base
blocks is as follows, where the base blocks of size 5 generate the block set of an S(2, 5, 41).
m = 1: 0 1 4 11 29 0 2 21 26 35
m ∈ Q : 0 1 2 6 0 1 3 8 0 1 7 10 0 1 9 16
0 1 12 20 0 1 14 26 0 1 15 31 0 1 19 21
0 1 27 34 0 1 28 36 0 2 13 30 0 2 17 24 
Before we construct a 1-fan S(3, (5, {4, 6}), 121), we show the following lemma.
Lemma 4.6. There exists a 1-fan GDD(3, (5, 4), 25) of type 55.
Proof. Let GF(25) be the finite field of order 25 which is generated by the primitive polynomial f (x) = x2 + x + 2.
Let ξ be a primitive element of the field. We construct a 1-fan GDD(3, (5, 4), 25) on {0, ξ 1, ξ 2, . . . , ξ 24} having groups
{y, y + 1, y + 2, y + 3, y + 4}, y ∈ {0, ξ , ξ 2, ξ 4, ξ 7}. The following base blocks under automorphism group (GF(25),+)
generate required blocks, where the base block of size 5 generates the block set of a GDD(2, 5, 25) of type 55.
0 ξ 1 ξ 2 ξ 9 ξ 16 0 ξ 1 ξ 3 ξ 11 0 ξ 1 ξ 4 ξ 21 0 ξ 1 ξ 5 ξ 23 0 ξ 1 ξ 7 ξ 22 0 ξ 1 ξ 19 ξ 20
0 ξ 2 ξ 4 ξ 14 0 ξ 2 ξ 10 ξ 19 0 ξ 2 ξ 15 ξ 21 0 ξ 2 ξ 17 ξ 20 0 ξ 3 ξ 10 ξ 16 
Lemma 4.7. There exists a 1-fan S(3, (5, {4, 6}), 121).
Proof. Let (X ∪ {∞1,∞2},B) be an S(3, 6, 26), where X ∩ {∞1,∞2} = ∅. Such a design exists from Lemma 3.3. Let
G = {B\{∞1,∞2} : B ∈ B and {∞1,∞2} ⊂ B},B∞1 = {B\{∞1} : B ∈ B,∞1 ∈ B and∞2 ∉ B},B∞2 = {B\{∞2} : B ∈
B,∞2 ∈ B and∞1 ∉ B} and T = {B : B ∈ B,∞1 ∉ B and∞2 ∉ B}. Then (X,G,B∞1 ,B∞2 , T ) is a 2-FG(3, (5, 5, 6), 24)
of type 46. Suppose that∞′ ∉ X × Z5. We shall construct a 1-fan S(3, (5, {4, 6}), 121) on Y = (X × Z5) ∪ {∞′}.
For each block B ∈ B∞1 , construct a 1-fan GDD(3, (5, 4), 25) on B × Z5 having groups {x} × Z5, x ∈ B. It exists from
Lemma 4.6. Denote the block set of the sub-design GDD(2, 5, 25) byAB and the set of the other blocks by TB. For each block
B ∈ B∞2 , construct an S(3, 6, 26) on (B × Z5) ∪ {∞′} having blocks ({x} × Z5) ∪ {∞′}, x ∈ B. Denote the block set by CB.
For each block B ∈ T , construct a TD(3, 6, 5) on B× Z5 having groups {x} × Z5, x ∈ B. Such a design exists from Lemma 3.6.
Denote the block set by FB. For each G ∈ G, construct a 1-fan S(3, (5, 6), 21) on (G × Z5) ∪ {∞′}. Such a design can be
obtained by deleting a point from an S(3, 6, 22), where the S(3, 6, 22) exists from Lemma 4.1. Denote the block set of the
sub-design S(2, 5, 21) byAG and the set of the other blocks by TG.
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Let
D =
 
B∈B∞1
AB
 ∪ 
G∈G
AG

and
D ′ =
 
B∈B∞1
TB
 ∪ 
G∈G
TG

∪

B∈T
FB

∪
 
B∈B∞2
(CB \ {({x} × Z5) ∪ {∞′} : x ∈ B})
 .
Then (Y ,D,D ′) is the desired 1-fan S(3, (5, {4, 6}), 121), where (Y ,D) is its sub-design S(2, 5, 121). 
Lemma 4.8. There exists a CQS∗(12k : 4) for k ∈ {6, 10, 30, 31}.
Proof. For k ∈ {10, 30}, there exists a 1-fan S(3, (5, {4, 6}), 4k + 1) from Lemmas 4.5 and 4.7. For k ∈ {6, 31}, a 1-fan
S(3, (5, 6), 4k+ 1) can be obtained by deleting a point from an S(3, 6, 4k+ 2), which exists from Lemmas 3.3 and 4.1. The
conclusion then follows from Lemma 4.4 with the known H(m, 3, 4, 3) form = 4 and 6 in Theorem 2.4. 
To construct a CQS∗(12k : 4) for k = 4 and 12, we need the following result.
Lemma 4.9. There exists a 5-fan GDD(3, (3, 3, 3, 3, 4, 4), 16) of type 44, a 5-FG(3, (3, 3, 3, 3, 4, 4), 16) of type 44 and a
CQS∗(44 : 4).
Proof. We construct a 5-fan GDD(3, (3, 3, 3, 3, 4, 4), 16) on Z16 having groups {4i + j : 0 ≤ i ≤ 3}, 0 ≤ j ≤ 3. We first
list 32 blocks of size 4 as follows, where the first 16 blocks form the block set of a sub-design GDD(2, 4, 16) with the same
groups.
0 1 2 3 0 5 6 7 0 9 10 11 0131415 1 4 6 11 1 7 8 14
1 10 12 15 2 4 5 15 2 7 9 12 2 8 11 13 3 4 9 14 3 5 8 10
3 6 12 13 4 7 10 13 5 11 12 14 6 8 9 15
0 1 6 15 0 2 5 11 0 3 10 13 0 7 9 14 1 2 4 7 1 3 12 14
1 8 10 11 2 3 8 9 2 12 13 15 3 4 5 6 4 9 10 15 4 11 13 14
5 7 10 12 5 8 14 15 6 7 8 13 6 9 11 12
Next, we list the other blocks, which consist of four block sets of sub-designs GDD(2, 3, 16)with the same group set.
0 1 7 0 2 9 0 3 5 0 6 13 0 10 15 0 11 14 1 2 11 1 3 8
1 4 10 1 6 12 1 14 15 2 3 4 2 5 12 2 7 13 2 8 15 3 6 9
3 10 12 3 13 14 4 5 14 4 6 7 4 9 11 4 13 15 5 6 15 5 7 8
5 10 11 6 8 11 7 9 10 7 12 14 8 9 14 8 10 13 9 12 15 11 12 13
0 1 10 0 2 7 0 3 6 0 5 14 0 9 15 0 11 13 1 2 15 1 3 4
1 6 8 1 7 12 1 11 14 2 3 13 2 4 9 2 5 8 2 11 12 3 5 12
3 8 14 3 9 10 4 5 7 4 6 13 4 10 11 4 14 15 5 6 11 5 10 15
6 7 9 6 12 15 7 8 10 7 13 14 8 9 11 8 13 15 9 12 14 10 12 13
0 1 11 0 2 13 0 3 14 0 5 15 0 6 9 0 7 10 1 2 12 1 3 10
1 4 14 1 6 7 1 8 15 2 3 5 2 4 11 2 7 8 2 9 15 3 4 13
3 6 8 3 9 12 4 5 10 4 6 15 4 7 9 5 6 12 5 7 14 5 8 11
6 11 13 7 12 13 8 9 10 8 13 14 9 11 14 10 11 12 10 13 15 12 14 15
0 1 14 0 2 15 0 3 9 0 5 10 0 6 11 0 7 13 1 2 8 1 3 6
1 4 15 1 7 10 1 11 12 2 3 12 2 4 13 2 5 7 2 9 11 3 4 10
3 5 14 3 8 13 4 5 11 4 6 9 4 7 14 5 6 8 5 12 15 6 7 12
6 13 15 7 8 9 8 10 15 8 11 14 9 10 12 9 14 15 10 11 13 12 13 14
By Lemma 3.8 we obtain a 5-FG(3, (3, 3, 3, 3, 4, 4), 16) of type 44 from the above 5-fan GDD. By Lemma 2.1, a CQS∗(44 :
4) also exists. 
Lemma 4.10. There exists a CQS∗(124 : 4).
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Proof. First, we construct an S(3, {4, 6}, 12) on Z12. Its blocks are listed as follows, where the underlined blocks form the
block setB of a GDD(2, 4, 12)with groups Gj = {4i+ j : 0 ≤ i ≤ 2}, 0 ≤ j ≤ 3. Denote the set of the other blocks of size 4
by T , one block of size 6 by A1 and the other by A2.
A1: 0 1 4 5 8 9
A2: 2 3 6 7 10 11
B: 0 1 2 3 3 4 5 6 3 8 9 10 0 5 7 10 2 4 7 9 1 6 7 8
2 5 8 11 1 4 10 11 0 6 9 11
T : 0 1 6 10 0 1 7 11 0 2 4 11 0 2 5 6 0 2 7 8 0 2 9 10
0 3 4 10 0 3 5 11 0 3 6 8 0 3 7 9 0 4 6 7 0 8 10 11
1 2 4 6 1 2 5 7 1 2 8 10 1 2 9 11 1 3 4 7 1 3 5 10
1 3 6 9 1 3 8 11 1 5 6 11 1 7 9 10 2 3 4 8 2 3 5 9
2 4 5 10 2 6 8 9 3 4 9 11 3 5 7 8 4 5 7 11 4 6 8 11
4 6 9 10 4 7 8 10 5 6 7 9 5 6 8 10 5 9 10 11 7 8 9 11
Next, we construct a 5-FG(3, (3, 3, 3, 3, 4, 4), 48) on X = Z12× Z4 having G = {Gj× Z4 : 0 ≤ j ≤ 3} as the set of groups.
For each block B ∈ T , construct an H(4, 4, 4, 3) on B × Z4 having groups {x} × Z4, x ∈ B. Denote the block set by TB.
For each block B ∈ B, construct a 5-fan GDD(3, (3, 3, 3, 3, 4, 4), 16) on B× Z4 having groups {x} × Z4, x ∈ B. Such a 5-fan
GDD exists from Lemma 4.9. Denote its block sets of the sub-designs GDD(2, 3, 16) by D iB (1 ≤ i ≤ 4). Denote the block
set of sub-design GDD(2, 4, 16) byD5B and the set of other blocks byD
′
B. Similarly to the proof of Lemma 3.8, for x ∈ A1 and
y ∈ A2, we construct blocks from one-factorization of K4 on {x} × Z4 and {y} × Z4. Denote the set of these blocks by C(x,y).
For i = 0, 1, we construct blocks from one-factorization of K12 on G2i × Z4 and G2i+1 × Z4. Denote the set of these blocks by
C ′i . Let
D i =

B∈B
D iB, (1 ≤ i ≤ 5),
F ′ =

B∈T
TB

∪

B∈B
D ′B

∪
 
x∈A1,y∈A2
C(x,y)

∪ C ′0 ∪ C ′1.
Then (X,G,D1,D2,D3,D4,D5,F ′) is a 5-FG(3, (3, 3, 3, 3, 4, 4), 48) of type 124, where (X,G,D i) (1 ≤ i ≤ 4) is its
sub-design GDD(2, 3, 48) and (X,G,D5) is the sub-design GDD(2, 4, 48).
Finally, by Lemma 2.1 a CQS∗(124 : 4) exists. The proof is complete. 
The following construction for s-fan GDD is also a special case of the fundamental construction of Hartman [6].
Lemma 4.11. Suppose that there exists a 1-fan GDD(3, (K1, K2), v) of type g
a1
1 g
a2
2 · · · garr . If there exists an s-fan GDD(3, (L1,
L2, . . . , Ls, LT ), bk1) of type bk1 for any k1 ∈ K1, and a GDD(3, LT , bk2) of type bk2 for any k2 ∈ K2, then there exists an s-fan
GDD(3, (L1, L2, . . . , Ls, LT ), vb) of type (bg1)a1(bg2)a2 · · · (bgr)ar .
Lemma 4.12. There exists a CQS∗(1212 : 4).
Proof. First, we construct a 1-fan GDD(3, (4, 4), 36) on Z33 ∪ {∞0,∞1,∞2} having groups {i, 11+ i, 22+ i}, 0 ≤ i ≤ 10,
and {∞0,∞1,∞2}. Let the group H be generated by the permutation (0 1 2 · · · 32)(∞0 ∞1 ∞2). The following base
blocks under automorphism group H generate the blocks a 1-fan GDD(3, (4, 4), 36), where the underlined blocks generate
the block set of a sub-design GDD(2, 4, 36) of type 312.
0 1 5∞0 0 2 8 20 0 3 10 19 1 2 3∞0 0 2 4∞0 039∞0
1 4 9∞0 2514∞0 2621∞0 2720∞0 1 7 22∞0 2818∞0
0721∞0 1821∞0 2919∞0 0816∞0 11020∞0 01313
0 1 4 30 0 1 6 15 0 1 7 28 0 1 8 24 0 1 9 14 011016
0 1 17 29 0 1 18 21 0 1 19 27 0 1 20 26 0 1 25 31 02523
0 2 6 19 0 2 7 9 0 2 10 25 0 2 14 30 0 2 15 18 021629
0 2 17 21 0 3 6 26 0 3 24 28 0 4 8 28 0 4 10 14 041325
0 5 10 20 0 5 19 26 0 7 15 24
Next, from such a 1-fan GDD, a 5-fan GDD(3, (3, 3, 3, 3, 4, 4), 144) of type 1212 can be obtained by applying Lemma 4.11
with the known 5-fan GDD(3, (3, 3, 3, 3, 4, 4), 16) of type 44 from Lemma 4.9 and H(4, 4, 4, 3). It follows from Lemma 3.8
that a 5-FG(3, (3, 3, 3, 3, 4, 4), 144) of type 1212 exists.
Finally, by Lemma 2.1 a CQS∗(1212 : 4) exists. 
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Now, we construct a CQS∗(12k : 4) for k = 7, 11 and 19 directly.
Lemma 4.13. There exists a CQS∗(127 : 4).
Proof. Let S = {∞1,∞2,∞3,∞4}.We construct a CQS∗(127 : 4) on Z84∪S having branches {7i+j : 0 ≤ i ≤ 11}, 0 ≤ j ≤ 6
and stem S with the multiplier group Q = {1, 25, 37, 47, 59, 83}. Let Q ′ = {1, 25, 37} and Q ′′ = {1, 83}. For any
x ∈ Z84,m ∈ Q ′ and i ∈ {1, 2, 3, 4}, let m∞i + x = ∞i,−m∞i + x = ∞i+1 if i ∈ {1, 3} and −m∞i + x = ∞i−1
if i ∈ {2, 4}. The shortened list of base blocks is as follows, where the underlined base blocks generate the block set of a
GDD(2, 4, 84) of type 127.
m ∈ Q ′′: 0 12 36∞1 0 4 20∞1 0 8 40∞1
m ∈ Q ′: 0 1 19 66 0 1 41 44 0 2 13 15 0 5 17 72 0 5 18 23 0 3 21 24
0 6 21 69 0 1 2 43 0 2 4 44 0 3 6 45 0 4 8 46 0 6 12 48
0 11 22 53
m ∈ Q : 0 1 3∞1 0 5 11∞1 0 15 46∞1 0 1 4∞3 0 2 8∞3 0 5 24∞3
0 11 26∞3 0 1 5 13 0 2 25 45 0 3 19 50 0 6 30 52 0 9 26 36
0 11 29 44 0 1 6 9 0 1 12 25 0 1 17 39 0 1 18 47 0 1 23 32
0 1 27 51 0 1 33 45 0 2 6 50 0 2 10 53 0 2 11 40 0 2 17 22
0 2 18 57 0 2 20 26 0 3 16 36 0 3 18 64 0 3 20 39 0 3 26 32
0 4 23 52 0 1 7 36 0 1 8 35 0 1 14 22 0 1 15 28 0 1 21 29
0 2 7 51 0 2 14 30 0 2 16 21 0 2 23 28 0 3 7 38 0 3 17 56
0 4 11 49 0 5 12 35 061462 
Lemma 4.14. There exists a CQS∗(1211 : 4).
Proof. Let S = {∞1,∞2,∞3,∞4}. We construct a CQS∗(1211 : 4) on Z132 ∪ S having branches {11i+ j : 0 ≤ i ≤ 11}, 0 ≤
j ≤ 10 and stem S with the multiplier group Q = {1, 25, 37, 49, 97, 35, 83, 95, 107, 131}. Let Q ′ = {1, 25, 97, 49, 37}. For
any x ∈ Z132,m ∈ Q ′ and i ∈ {1, 2, 3, 4}, let m∞i + x = ∞i,−m∞i + x = ∞i+1 if i ∈ {1, 3} and −m∞i + x = ∞i−1
if i ∈ {2, 4}. The shortened list of base blocks is as follows, where the underlined base blocks generate the block set of a
GDD(2, 4, 132) of type 1211.
m ∈ Q ′: 0 1 18 19 0 1 28 29 0 1 30 31 0 1 35 36 0 1 40 41 0 1 65 68
0 2 28 106 0 2 43 91 0 2 59 75 0 3 32 103 0 4 16 120 0 6 23 115
0 12 59 71 0 5 33 38 01033109 0 1 2 67 0 2 4 68 0 3 6 69
0 5 10 71 0 6 12 72 0 10 20 76
m ∈ Q : 0 1 3∞1 0 4 10∞1 0 5 17∞1 0 9 56∞1 0 1 4∞3 0 2 12∞3
0 5 18∞3 0 9 29∞3 0 3 28 100 0 13 27 56 0 4 20 87 0 7 37 46
0 2 61 124 0 1 85 127 0 12 38 53 0 17 36 98 0 18 58 82 0 21 52 75
0 1 5 7 0 1 8 13 0 1 10 14 0 1 15 17 0 1 20 27 0 1 24 26
0 1 42 46 0 1 47 52 0 1 51 53 0 1 54 58 0 1 57 61 0 1 60 63
0 1 62 64 0 2 5 23 0 2 14 21 0 2 18 45 0 2 19 103 0 2 20 96
0 2 29 92 0 2 30 48 0 2 40 54 0 2 41 47 0 3 7 111 0 3 9 45
0 3 12 41 0 3 13 106 0 3 15 39 0 3 23 51 0 4 9 72 0 4 18 30
0 4 42 71 0 4 47 67 0 4 56 63 0 5 46 59 0 1 11 56 0 1 12 55
0 1 22 34 0 1 23 44 0 1 33 45 0 2 11 79 0 2 13 77 0 2 22 46
0 2 33 90 0 3 14 55 0 4 22 103 0 4 26 44 0 5 22 93 0 6 17 77 
Lemma 4.15. There exists a CQS∗(1219 : 4).
Proof. Let S = {∞1,∞2,∞3,∞4}. We construct a CQS∗ (1219 : 4) on Z228 ∪ S having branches {19i+ j : 0 ≤ i ≤ 11}, 0 ≤
j ≤ 18 and stem S with the multiplier group Q = {25i : 0 ≤ i ≤ 8} ∪ {−25i : 0 ≤ i ≤ 8}. Let Q ′ = {25i : 0 ≤ i ≤ 8} and
Q ′′ = {1, 25, 59, 169, 203, 227}. For any x ∈ Z228,m ∈ Q ′ and i ∈ {1, 2, 3, 4}, let m∞i + x = ∞i, −m∞i + x = ∞i+1 if
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i ∈ {1, 3} and −m∞i + x = ∞i−1 if i ∈ {2, 4}. The shortened list of base blocks is as follows, where the underlined base
blocks with the multiplier group {1, 49, 121} generate the block set of a GDD(2, 4, 228) of type 1219.
m ∈ Q ′′: 0 4 32∞1 0 12 96∞1 0 20 88∞1
m ∈ Q ′: 0 1 11 12 0 1 13 14 0 1 15 16 0 1 17 18 0 1 21 22 0 1 23 24
0 1 25 26 0 1 27 28 0 1 29 30 0 1 31 32 0 1 41 42 0 1 43 44
0 1 46 47 0 1 48 49 0 1 50 51 0 1 52 53 0 1 54 55 0 1 61 62
0 1 63 64 0 1 67 68 0 1 69 70 0 1 81 82 0 1 83 84 0 1 87 88
0 1 92 93 0 1 100 101 0 1 102 103 0 1 104 105 0 1 110 111 0 1 112 117
0 2 11 13 0 2 18 20 0 2 22 24 0 2 29 31 0 2 30 32 0 2 37 39
0 2 46 48 0 2 53 55 0 2 56 58 0 2 60 62 0 2 65 67 0 2 70 72
0 2 94 96 0 2 111 119 0 3 7 10 0 3 12 15 0 3 13 16 0 3 20 23
0 3 27 30 0 3 29 32 0 3 66 69 0 3 84 87 0 3 91 94 0 3 99 102
0 3 100 103 0 3 112 119 0 4 68 72 0 5 34 39 0 5 36 41 0 6 26 208
0 10 62 72 0 3 57 60 0 6 63 171 0 1 2 115 0 2 4 116 0 3 6 117
0 5 10 119 0 6 12 120 0 10 20 124
m ∈ Q : 0 1 3∞1 0 5 11∞1 0 7 33∞1 0 1 4∞3 0 2 12∞3 0 5 18∞3
0 7 40∞3 0 1 5 7 0 3 11 21 0 9 22 61 0 12 75 101 0 16 71 119
0 20 80 138 0 1 6 9 0 1 8 10 0 1 33 35 0 1 36 40 0 1 56 60
0 1 59 66 0 1 75 79 0 1 78 80 0 1 89 91 0 1 94 98 0 1 97 99
0 1 106 109 0 2 5 16 0 2 8 17 0 2 23 26 0 2 33 36 0 2 41 44
0 2 42 45 0 2 47 52 0 2 50 54 0 2 64 69 0 2 74 81 0 2 77 101
0 2 88 105 0 2 89 92 0 2 102 113 0 3 33 37 0 3 40 46 0 3 47 55
0 3 56 63 0 3 68 80 0 3 70 83 0 3 104 111 0 3 105 115 0 4 10 22
0 4 11 24 0 4 12 30 0 4 20 44 0 4 21 26 0 4 28 69 0 4 35 41
0 4 46 136 0 4 48 84 0 4 64 141 0 4 74 117 0 4 83 88 0 5 12 23
0 5 35 74 0 5 42 53 0 5 44 141 0 5 46 150 0 5 47 134 0 5 65 94
0 5 70 109 0 5 97 104 0 6 13 144 0 6 30 40 0 6 35 42 0 6 39 102
0 6 52 126 0 7 44 189 0 12 33 132 0 1 19 96 0 1 20 95 0 1 38 58
0 1 39 76 0 1 57 77 0 2 19 135 0 2 21 133 0 2 38 78 0 2 57 154
0 3 41 152 0 4 38 175 0 4 42 76 0 6 19 139 0 7 26 95 
Lemma 4.16. For any positive integer k ≥ 4 and k ∉ {14, 15, 18, 22, 23, 26, 27, 29}, there exists a CQS∗(12k : 4).
Proof. By Corollary 2.6 and Theorem 3.12, we need only to prove that there exists a CQS∗(12k : 4) for any k ∈ M . This has
already been achieved by Lemmas 4.3, 4.8, 4.10 and 4.12–4.15 for k ∈ M \ {16, 20, 24, 28}.
For k = 20 and 24, deleting two points from an S(3, 6, k+ 2) in Lemmas 4.1 and 3.3 gives a 1-fan S(3, ({4, 5}, {5, 6}), k).
For k = 16 and 28, there exists a 1-FSQS(k) from Theorem 1.2. Then, for k ∈ {16, 20, 24, 28}, a CQS∗(12k : 4) exists by
applying Corollary 2.6 with the known CQS∗(12r : 4) for r = 4 and 5. This completes the proof. 
Lemma 4.17. For any positive integer u ∉ {14, 15, 18, 22, 23, 26, 27, 29}, there exists a 1-FSQS(12u+ 4).
Proof. For u ∈ {1, 2, 3, 4}, it holds by Theorem1.2. For the given u and u ≥ 4, a 1-FSQS(12u+4) can be obtained by applying
Theorem 2.2 with the known CQS∗(12u : 4) from Lemma 4.16 and 1-FSQS(16). 
5. Conclusion
In this section, we shall obtain our main result, namely, Theorem 1.3. By Lemma 4.17, we need only to construct
1-FSQS(12u+ 4)s for u ∈ {14, 15, 18, 22, 23, 26, 27, 29}.
Lemma 5.1. There exists a 1-fan S(3, (5, 4), 61).
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Proof. We construct a 1-fan S(3, (5, 4), 61) on Z61 with multiplier group Q = {1, 9, 20, 58, 34}. The shortened list of base
blocks is as follows, where the base blocks of size 5 generate the block set of an S(2, 5, 61).
m = 1: 0 132155 04122337 05153144
m ∈ Q : 0 1 2 5 0 1 6 8 0 1 7 11 0 1 9 10
0 1 12 13 0 1 14 15 0 1 16 17 0 1 18 19
0 1 20 30 0 1 23 24 0 1 25 26 0 1 29 57
0 1 31 59 0 1 33 56 0 1 40 54 0 2 4 46
0 2 6 13 0 2 8 50 0 2 10 31 0 2 12 17
0 2 14 49 0 2 15 28 0 2 16 35 0 2 24 53
0 2 37 48 0 2 39 51 0 4 19 30 042650 
Lemma 5.2. There exists a 1-FSQS(12u+ 4) for u ∈ {15, 26}.
Proof. For u = 15, there exists a 1-fan S(3, (5, {4, 6}), 4u+ 1) from Lemma 5.1. For u = 26, a 1-fan S(3, (5, 6), 4u+ 1) can
be obtained by deleting a point from an S(3, 6, 4u + 2), which exists from Lemmas 3.3 and 4.1. Apply Lemma 4.4 with the
known H(r, 3, 4, 3) for r = 4 and 6 in Theorem 2.4. We get a CQS∗(12u : 4) for u ∈ {15, 26}. Then the conclusion follows
from Theorem 2.2. 
Lemma 5.3. There exists a 1-FSQS(12 · 29+ 4).
Proof. We first get a CQS∗(1229 : 4) from a 1-FSQS(88) by Lemma 4.2, where 1-FSQS(88) exists by Lemma 4.17. Then the
conclusion follows from Theorem 2.2. 
Lemma 5.4. There exists a 1-FSQS(12 · 14+ 4).
Proof. We first construct a 1-FG(3, (4, 4), 42) on Z42 having G = {{7i+ j : 0 ≤ i ≤ 5} : 0 ≤ j ≤ 6} as the set of groups.
Let Sr = {3k + r : 0 ≤ k ≤ 13}, 0 ≤ r ≤ 2. Construct an SQS(14) on each Sr and denote its block set by Ar . Let
A =0≤r≤2Ar . It is clear that each triple {x, y, z}with x ≡ y ≡ z (mod 3) is contained in a unique block inA.
Construct the following base blocks under Z42 with multiplier group Q = {1, 41}, where the three underlined blocks
generate the block setB of the GDD(2, 4, 42) of type 67. All these base blocks generate the block set C such that each triple
not contained in any group or Sr is contained in a unique block in C.
m = 1: 0 1 4 5 0 1 6 7 0 1 8 9 0 1 10 11 0 1 12 13
0 1 14 15 0 1 16 17 0 2 5 7 0 2 6 8 0 2 12 32
0 2 14 16 0 3 10 13 0 5 17 22 0 6 16 22 0 6 19 25
0 1 2 22 0 2 4 23 0 4 8 25 0 5 10 26 0 8 16 29
0102031
m ∈ Q : 0 1 3 19 0 4 10 15 0 8 17 30 0 1 18 20 0 2 9 31
0 2 10 29 0 2 11 27 0 3 7 37 0 3 11 17 0 3 14 22
0 3 16 20 0 4 9 32 0 4 11 30 0 4 13 18 0 4 19 24
0 5 13 31 0 6 13 28 0 7 15 25 0 7 16 30 0 7 17 31
Then (Z42,G,B,A ∪ (C \B)) is a 1-FG(3, (4, 4), 42) of type 67, where (Z42,G,B) is its sub-design GDD(2, 4, 42).
From such a 1-FG, we can obtain a 5-FG(3, (3, 3, 3, 3, 4, 4), 168) of type 247 by applying Theorem 2.3 with the known
5-FG(3, (3, 3, 3, 3, 4, 4), 16) of type 44 from Lemma 4.9 and H(4, 4, 4, 3). By Lemma 2.1 a CQS∗(247 : 4) exists. Then the
conclusion follows from Theorem 2.2 with the known 1-FSQS(28) in Theorem 1.2. 
Lemma 5.5. If there exists an S(3, 6, v), then there exists a 1-FSQS(12(v − u)+ 4) for 2 ≤ u ≤ 6.
Proof. Let (X,B) be the given S(3, 6, v) and let x1 and x2 be distinct members of X . Similarly to the proof of Lemma 4.7, let
G = {B \ {x1, x2} : B ∈ B and {x1, x2} ⊂ B},B1 = {B \ {x1} : B ∈ B, x1 ∈ B and x2 ∉ B},B2 = {B \ {x2} : B ∈ B, x2 ∈
B and x1 ∉ B} and T = {B : B ∈ B, x1 ∉ B and x2 ∉ B}. Then (X \ {x1, x2},G,B1,B2, T ) is a 2-FG(3, (5, 5, 6), v − 2) of
type 4
v−2
4 . Deleting u− 2 points from a group gives a 1-FG(3, ({4, 5}, {4, 5, 6}), v− u) of type (6− u) · 4 v−64 . It follows from
Theorem 2.5 with the known CQS∗(12k : 4) for k = 4, 5 that a CQS∗((72 − 12u)48 v−64 : 4) exists for 2 ≤ u ≤ 6. Thus, we
obtain a 1-FSQS(12(v − u)+ 4) by applying Theorem 2.2 with the known 1-FSQS(12m+ 4) form = 0, 1, 2, 3, 4. 
Lemma 5.6. There exists a 1-FSQS(12u+ 4) for u = 18, 22 and 23.
Proof. The conclusion follows from Lemma 5.5 with the known S(3, 6, 22) in Lemma 4.1 and S(3, 6, 26) in Lemma 3.3. 
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Lemma 5.7. There exists a 1-FSQS(12 · 27+ 4).
Proof. Let (X,B, T ) be a 1-FSQS(28), which exists from Theorem 1.2. Take a point y from X . Let G = {B \ {y} : B ∈
B and y ∈ B},B1 = {B \ {y} : B ∈ T and y ∈ B},B2 = {B : B ∈ B and y ∉ B} and T ′ = {B : B ∈ T and y ∉ B}. Then
(X \ {y},G,B1,B2, T ′) is a 2-FG(3, (3, 4, 4), 27) of type 39. Let S = {∞1,∞2,∞3,∞4}. Suppose that S ∩ (X × I12) = ∅.
We shall construct a 1-FSQS(12 · 27+ 4) on ((X \ {y})× I12) ∪ S.
For each block B ∈ T ′, construct an H(4, 12, 4, 3) on B× I12 having groups {x}× I12, x ∈ B. Denote its block set byAB. For
each block B ∈ B1, construct a CQS(123 : 4) on (B× I12)∪S having branches {x}× I12, x ∈ B and stem S. Such a design exists
from [6, Theorem 5.3]. Denote its block set by CB. For each block B ∈ B2, construct a 1-fan GDD(3, (4, 4), 48) on B × I12
having groups {x}× I12, x ∈ B. Such a design exists from [9, Lemma 2.2]. Denote its block set of the sub-design GDD(2, 4, 48)
byDB and the set of the other blocks by TB.
Let G′ = {G× I12 : G ∈ G},F =B∈B2 DB and F ′ = (B∈T ′ AB) ∪ (B∈B1 CB) ∪ (B∈B2 TB).
Then (((X \{y})× I12)∪S, S,G′,F ∪F ′) is a CQS∗(369 : 4), where ((X \{y})× I12,G′,F ) is its sub-design GDD(2, 4, 324).
The conclusion then follows from Theorem 2.2 with the known 1-FSQS(40) in Theorem 1.2. 
Proof of Theorem 1.3. Combining Lemmas 4.17, 5.1–5.4, 5.6 and 5.7 we have completed the proof of Theorem 1.3. 
From a 1-FSQS(v), by adjoining a new point to all blocks of the sub-design S(2, 4, v), we obtain an S(3, {4, 5}, v+ 1). As
a consequence, we have the following.
Theorem 5.8. For any positive integer v ≡ 5 (mod 12), there exists an S(3, {4, 5}, v).
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